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Abstract. The moduli space of jets of certain G-structures (basically those 
which admit a canonical linear connection) is shown to be isomorphic to the 
quotient of a natural G-module by G. 

1. Introduction 

Given a closed subgroup G of the general linear group GL{n,R), a G-structure 
is a reduced bundle P{M, G) with structure group G of the bundle of linear frames 
FM M. 

The main types of geometries arise from different choices of G. For example, 
there is a one-to-one correspondence between the set of Rieniannian metrics on 
M and the set of 0(n)-structures on M. Analogously, almost Hermitian geome- 
tries correspond to [/(n/2)-structures, almost symplectic geometries to Sp{n/2)- 
structures, and so on. 

It is a well-known fact that G-structures on M are in one-to-one correspondence 
with smooth sections s G r{FAI/G) of the quotient bundle FM/G M . Denoting 
by q : FM FM/G the natural projection, the fiber over each x £ M of the G- 
structure Ps M associated to s G r(FAf/G) is (Ps)^ = {u = (x;Xi, . . . , A„) e 
F^M I q{u) = six)}. 

The group Diff(Af) of diffeomorphisms of M acts in a natural way on the 
set of G-structures as follows. For each diffeomorphism f : M ~* M' , there 
is an associated diffeomorphism / : FM FM' given by f(x;Xi,... ,A„) = 
(/(a;);/*(Ai), . . . ,/*(A„)), which defines a diffeomorphism / : FM/G FM/G 
by f[u] = [/(u)]. The action of DiS{M) on T{FM/G) is defined by: 

j-s = foso r\ f e Diff(A/), s e r(FA'//G). 

Two G-structures s and s' are said to be equivalent if they are related by a 
diffeomorphism / S Diff(A/), which amounts to the fact that f{Ps) = Ps', and 
they are said to be locally equivalent at points p E AI and p' G M' if they are 
equivalent in some open neighborhoods of p and p' by a diffeomorphism which 
maps p to p'. We call the quotient TIg{M) = r(FAf/G)/Diff(A/) the moduli space 
of G-structures on Af . The description of this space is a basic problem in differential 
geometry. 
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It is possible to state an analogous problem for analytic G-structures. To 
study this category, it is natural to introduce the spaces (FM/G) of jets of 
G-structures. The action of Diff(i\/) on T{FM/G) induces a natural action of 
the groupoid Jl^^{M, M) of (r + l)-jets of diffeomorphisms of M on the space 
J'' (FM/G) as follows: 

(j^'/) ■ (J» = Jfi.) (/ • 5) , J^V e Jr„v'(M, M), e r (FM/G) . 

We will call the quotient M^(M) = J'' {FM/G) /J[^\M,M) the moduli space of 
r-jets of G-structures on M. There are natural projections 9JIq''''^(M) 9JIq(M), 
fc > 0, so that we can define the moduli space of jets of G-structures as the pro- 
jective limit 9Jlg'(Af) = limVJVQ{M). The local equivalence problem for analytic 

G-structures can be reduced to the study of this moduli space. 

Another reason for analyzing SJtg (M) is that it is the space where the geometric 
objects associated to G-structures are defined. 

In general, the description of 1!JIq(M) is an extremely complicated problem. 
The aim of this paper is to describe, to some extent, the structure of this space in 
the particular case of G C GL{n,M.) being a closed subgroup such that the first 
prolongation g^^^ vanishes and there exists a supplementary G-submodulcQ W of 
6 ((R")* (g) g) in (R")*(X>M". As we will explain later, this is a technical condition 
which assures that G-structures have a canonical linear connection attached. 

More precisely, we will prove the following theorem. 

Theorem 1.1. Let M be a n- dimensional smooth manifold, and let G C GL (n,R) 
be a closed subgroup such that the first prolongation g*^^^ of its Lie algebra g vanishes 
and there exists a supplementary G-submodule W of 6 ((R")* (g) g) in /\^ (M")*®M". 
Then, there exists a family of G -modules S*" and homomorphisms S^^^ S"^ , k > 
0, such that each space DJIq^M) of r-jets of G-structures is canonically isomorphic 
to the quotient S^/G. 

The moduli space 971^ (M) is then canonically isomorphic to the quotient S°°/G, 
where S°° ~ limS''. 



2. Natural linear connections 
In this section we will recall a classical result (0) which shows that, under the 



conditions on G stated in Theorem 1.1, it is possible to associate a linear connection 
to each G-structure in a natural way. We will also state certain properties of this 
assignment which will be useful later. 

Let G C GL{n,M.) be a closed Lie subgroup, and g C gl{n,M.) its Lie algebra. 
Let us denote V = M". Under the identification gl{n,M.) = V* ^V, we can consider 
g as a Lie subalgebra of the endomorphisms of V, End(F) = V* ®V. 

The alternation operator 6 : V* (E) Q /\ V* (gV is given by 

6t{u, v) — t{u)v — t{v)u, t ^V* ® q,u,v ^V. 

The first prolongation of g is then defined as the vector space g^-'^^ :— kerJ and, 
from now on, we will assume that this prolongation vanishes, i.e., g^^^ = {0}. 



^Throughout this paper, by G-module we mean a linear representation of G in a finite dimen- 
sional vector space. 
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The natural action of G on defines Hnear G-actions on the spaces V* (g) q 
and /\^ V* ® V, with respect to which the operator 6 is an homomorphism of G- 
modules. The image of this operator is a G-submodule and we assume that it 
admits a supplementary G-submodule W: 

(1) /\^V* = S{V* ^s)®W. 

Given a G-structure s G r(FA//G), the bundle T*M^TM is identified with 
the associated bundle Ps 'Xai^S^ V* ®V^. The decomposition (|l|) allows to express 
this bundle as the sum: 

A' T*M ® TM ^{P,xg5 {V* g)) ® {Ps xq W) . 

Let 6 : T (FM) V he the canonical 1-form of FM, which maps each tangent 
vector Xu at a frame u G FM to 9 = (tt* {Xu)) e V, where tt : FM M 
is the canonical projection and the frame u is understood as a linear isomorphism 
u : V ^ T^i^ujM. We also denote by 9 the restriction of the canonical form to the 
subbundlc P,. The restriction of the projection tt^, to each horizontal complement 
Hy^ C TaPs to the vertical tangent space at u G Ps is an isomorphism = r^(„)M, 
so that for any frame u and any vector v V there is a unique (v) S 
such that 9 (v)) = v. The horizontal complement Hu defines then an element 
tiHu) G A^ V*(g)Vhy: 

t{Hu){v, w) = d9 {By{v),Bu{w)) , v,weV. 

If Hu are the horizontal subspaces of a linear connection on M adapted to Pg, 
then there is a well-defined and G-equivariant torsion function: Pg — > A^ V* ® V, 

given by u i-^ t{Hu), which is related to the torsion tensor T e F ^A^ T*M (g) TM^ 

by: t{Hu) {v, w) — u^^ {T^ {u{v) , u {w))) for each u G Pg and v,w gV. 

It can be shown (see, e.g., ||] and 1^) that the condition t{Hu) G W characterizes 
the horizontal subspaces defining a linear connection adapted to Pg. In other words: 

Theorem 2.1 (|]). Let G C GL(n, R) he a closed Lie subgroup such that the 
first prolongation g*^^^ vanishes and there exists a supplementary G-submodule W 
of 5 iy* ® fl) in A^ V* (g) V. Then, for each G-structure s G r(FAf/G) and each 
u € Pg := s (M) there exists a unique horizontal space iJ„ C TyP such that t[Hu) G 
W. These horizontal spaces define a linear connection V(s) adapted to Pg which is 
characterized by the condition that its torsion is a section of the vector bundle 

Ps XgW. 

Next two lemmas provide some properties of this canonical connection which 
will be used to describe the structure of the moduli spaces in later sections. 

Lemma 2.2. The assignment s V(s) defines an operator V : T[FM/G) 
r(G(M)), with C{M) M being the affine bundle of linear connections on M, 
which satisfies: 

1. V is natural, i.e., for each diffeomorphism f : M ^ M' , the direct image of 
V(s) onto f{Pg) isVif-s). 

2. V(s) is an operator of order 1, i.e., if j].s = jl^s' , then V(s)(x) = V{s'){x). 
Thus, V defines a map, which we will also denote V : J'^{FM/G) C{M), 
byV{]ls) = V{s){x). 
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Proof. In order to prove the naturality of the map V : T{FM/G) r(C(M)), 
it suffices to show that t{Hu) G W imphes t e W for each diffeomorphism 

f : M ^ M' because, then, the direct image C (T„P)_= Tjf^^^Pf.^ of 



each horizontal space of the connection V(s) by / is, by Theorem 2.1, a horizontal 
space of the connection V (/ • s). But this follows easily from the functoriality of 
the canonical 1-form of the bundle of linear frames. Explicitly, the canonical 1-form 
e' : TFM' ^ y of FA/' is related to g by 6* = J* 9' as one can easily check. From 
this it follows that 6' = ((Bu){v)) = v, for all w G V, and therefore we 

have that B'j^^^ = (Bu) and so 

t (Mh^)) {v,w) = do' (i?;-(„)(t;),s;-(^)H^ 
^de' {Ub^){v),UBu){w)) 
^d{re')((BMABu){w)) 

= de i{Bu){v), {Bu){w)) = t{Hu)[v, w). 

To prove that V is an operator of order 1, first notice that the condition j^s = 
j^s' is equivalent to the fact that the mappings : T^M — s- Tg(^^-^ {FM/G) and 

: Tr,M — > Ts'(^) {FM/G) coincide. But, then, the equality T„Ps = T^Ps' holds 
for any u £ s{x) — s'{x). To see this, notice that if q : FM — > FM/G is, as before, 
the natural projection, then: 



T„P, = q-' (T,(,) (s(M))) 
= q-' (s. (T,M)) 
= q-' « (T,M)) 

Since t{Hu) G is an algebraic condition depending only on the vector spaces 
TuPs and W, it follows that the equality T„Ps = TuPs' implies the equality of the 
horizontal subspaces defining the connections: Hu = for u G s{x) = s'{x)M 

Now, let cr : C M ^ Pg be a section defined in a coordinate neighbor- 
hood {U, (x\ . . . of X G M. We will denote a = {Xi, . . . ,X„), with = 
''^J^sf? "^ach i = 1, . . .n. Let cj G F {T*Ps ® g) be the connection form of 
V := vfs). 

If we consider, as before, each a{x) G Ps as a linear isomorphism cr(x) : V — > 
TxM, we can define a function 77 G C°° iU, V* g) by: r]{x) = {a*uj)x o a{x). The 
components of 77 in the standard basis {wi, ... ,Vn}ofV are related to those of the 
local connection 1-form <7*lj G F {T*M (g) g) by: 77*j = (cr*t^)j (^0- 

Let Pini5 : /\^ V* ^ V ^ S {V* ^ g) be the projection onto 5 {V* (g) q) accord- 
ing to the decomposition (|l|). Since kerS ~ {0}, it makes sense to consider the 
homomorphism : 

s-^ o Pi^s : /y V* (g y ^ 0. 



Lemma 2.3. The local connection 1-form G F {T*M (g) g) is determined by 
the equation: r]{x) = — {S~^ o Pimi) {'t{<^{x))) j where i is the torsion function of 
the linear flat connection making parallel a. 
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Proof. Using the identity \7xXj = J2k {cr*^^ fj {X), X e r{TM), 1 < j < n, 
we see that the components of the torsion tensor of V in the moving frame cr, 
which are given by = Vx,Xj - Vx,X, - [X,,Xj] = Y^kT^j^k, 1 < 

iii < can be written as T^j{x) = 'r]fj{x) — 'q'-^{x) + t^j{a{x)). Using the relation 
t{Hcr{x)){viTVj) — J2k'^iji^)''^k, last equation reads: 

t{H,(^,)) ^6Tj{x)+i{aix)). 

The condition t(iJo.(x)) G W can be written as ((5^^ o Pims) {t{Ha{x))) — or, 
equivalently, rj{x) — — (5^^ o Pim^) (f(cr(a;))) .■ 

Remark 2.1. Notice that = - J2h,i {'^h^^ - <^hj^) , where {a'^) 

stands for the inverse matrix of (cry ). Thus, the components (cr^w)^ G T{T*M) of 
the local connection 1-form a*uj G F {T*M (g) g) are given by: 

(2) {a*u)l{X^)= 1 7 <n, 

hj,k,h,l ^ ^ 

where the real coefficients ^'"^ determined by the homomorphism 6^^ o PiaiS- 

These coefficients are then universal, in the sense that they only depend on the 
group G C GL(n,R) and the supplementary W chosen to define the connections, 
but not on the particular G-structure considered. 



Remark 2.2. Equation (^) shows that the map V : J^{FM) — > C{AI) defined as 
V (j^cr) — \/ {q o a) (x) is smooth. Since the diagram 

J^{FM) J^{FM/G) 
C{M) 

is commutative, and the projection : J^{FM) J^{FM/G) is a surjective 
submersion, we conclude that the map V : J^{FM/G) C{M) is also smooth. 

To end this section, we illustrate the construction of canonical connections with 
some examples. In all cases we will take W as the G-submodule of tensors T e 

V* such that trace {A o iyT) = for every A € q and every v G V. This is 
a supplementary G-submodule of the image of S whenever g^^^ — and g is closed 
under transposition (see JTot). 

Example 2.1. It is well-known that the canonical connection (in the sense of The- 



orem 2.1) associated to each 0(n)-structure or, equivalently, to each Riemannian 
metric is the Levi-Civita connection. That is because for G = 0{n) the alternation 
operator 6 is surjective and, therefore, the supplementary submodule in equation 
(P is = {0}. The condition r]{x) = —S"^ (i{a{x))') is equivalent to Koszul 
formula, as we next explain. 

The operator o P^^^g = S^^ : /\'^ V* ® V ^ V* ® q is easily obtained as 
follows. Let us denote by (•, •) the standard inner product in V, and take any 
T = 6Te /\^V*(g)V, T e V*®Q. Then, for any u, w, w e V^, the following relations 
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hold: 

{T{u,v),w) = {t{u)v,w) — {t{v)u,w) 
{T{'w,u),v) = {t{w)u,v) — (t(m)w, u) 
{T{w,v),u) ~ {t{w)v,u) — (t{v)w,u) 

Adding the three equations, taking into account that q = {A ®V \ (Au, v) + 
(Av, u) = Vw, V G V}, we obtain the expression of r = S^^T: 

(3) (t(-u)'u, w) = i ((T(m, v), w) + (T{w, u),v) + {T{w, v),u)) , 

for all u,v,w G V. Hence, the condition ri{x) = —6^^ can be written, in 

components, as: 

(4) V^x) ^ -\ (t%{a{x)) + + tl,(a(x))) . 

Now, let (A/, g) be a Riemannian manifold and Ps —>■ M the corresponding 0{n)- 
structure, that is, the subbundle of orthonormal frames with respect to g. For 
any section a — {Xi, . . . , X„) : U Pg, the components of G C°° {U, V* (8) g) 
are given by: ?7,f' ~ {(t*uj)'' (Xi) — g{\/xiXj,Xk), whereas those of i{a{x)) are: 
t'lj = —g{[Xi, Xj], Xk). Substitution of these expressions in yields: 

2giVx,Xj,Xk)^g{[X,,XjlXk)+gi[Xk,X,lXj)+g{[Xk,Xj],X,), 

which is nothing but Koszul formula in the orthonormal frame {Xi, . . . Xn}. 

Example 2.2. Consider now the case of (0(p) x 0((7))-structures, i.e., those with 
structure group G ^ {(^^^ ^ ) ^ '^^^^ ' ^ <^(p)'^2 e 0{q)}. These 
structures correspond to Riemannian almost product structures. 

Let {vi, ... ,Vn} be the canonical basis of V, and let us denote /i = {1, . . . ,p}, 
h — {p + ^, ■ ■ ■ ,P + q}, Va = Span{i>i}ig/^, a — 1,2. It can be easily seen that W 
is given as the G-submodule of tensors T G /\^ V* (S^V such that: 

(5) {T{u, v), w) — {T{u, w), v) if v,w € Va, a — 1, 2, 
for all u ^ V. 

In order to determine an expression of the operator o Pi^s, let us decompose 
any T G as T = f + St, with f e W a.nd t e V* (g) q. 

If w G Vq, w G V}3, with a f3, then {t{u)v, w) = for each u ^ V, because t{u) 
belongs to g = o{p) © o{q). 

If u,v,w G Va, a = 1,2, then {T{u, v), w) = 0, as follows easily from (^). In this 
case, one can compute, as in the previous example: 

{Tiu)v, w)^^ {{T{u, v),w) + {Tiw, u), v) + {Tiw, v), u)) . 

Finally, if u G Va and v,w £ Vp, a ^ P, we have: 

{T{u,v),w) = {t{u)v,w) + {T{u,v),w) 
{T{u,w),v) — {t{u)w,v) + {T{u,w),v). 
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Substracting the second equation from the first one, we obtain: 
{t{u)v, w) = i {{T{u, v),w) - {T{u, w), u)) . 

Thus, in components, we have: 

[ 5 fe- + TL + if ^, J, fc e /„, a = f , 2, 

{{5-^ o P,.^s){T))l = j 1 (j^^ _ if * e /„, J, fc e /;3, a ^ /3, 

[ if j e /„, /c e If}, (3. 

Let us consider now a Riemannian almost product manifold, i.e., a Riemannian 
manifold (M, g) and a tensor field 4> € 1\{M) such that (jy^ = id and g{4>X, (j)Y) = 
g{X,Y) for any vector fields X,Y on M. The tensor (j> gives rise to two mutually 
orthogonal distributions Vi and V2, corresponding to its eigenvalues 1 and -1, called 
the vertical and horizontal distributions, respectively. Denoting p = dimVi, q = 
dimV2, the corresponding {0{p) x 0(g))-structure is the subbundle of orthonormal 
frames (^i, . . . , Xn) such that Xi, . . . , Xp are vertical vectors and ^p+i, . . . , Xn 
are horizontal vectors. 

From the expression of S^^ o PiniS, we obtain, as in the preceding example: 

g{Vx^X,,Xk) - i ig{[X,,Xj],Xk)+gi[Xk,X,],Xj)+g{[Xk,Xj],X,)) 
if ij,k e la, a = 1,2, 

g{\/x,Xj,Xk) - i igi[X,,Xj],Xk)-g{[X,,Xk],Xj)) 
\i i E la, j,k ^ Ip, a ^ 13, and 

g{Vx^Xj,Xk)=Q 

if j e la, k £ If3, a ^ (3. 

The third equation implies that Vx leaves the vertical and horizontal distribu- 
tions invariant for all X . The first one gives: 

g{VxY, Z) - 1 (XigiY, Z)) + Y{g{Z, X)) - Z{g{X, Y)) 

+g{[X,Y],Z) + g{[Z,X],Y) - g{[Y,Z],X)) , 

ii X,Y, Z G Va, a = 1,2. Denoting by V'^^ the Levi-Civita connection, this means 
that, li X,Y G Va, then V xY is the orthogonal projection of V^^y onto Va 
according to the decomposition TM — Vi ® V2. Finally, the second equation yields: 

g{WxY, = i {X{g{Y, Z)) + g{[X, Y], Z) - g{[X, Z],Y)) , 

if X e Va, Y,Z eVf},a^ 13. 

Example 2.3. Next, we consider the case G = M* • In with n > 2. li n — 2 we 
obtain classical webs over surfaces (see [^). 

The Lie algebra g of G is generated by the identity matrix In, hence we can take: 

W = {T e AV* V I trace {iyT) = Vu G V"}. 

A short computation shows that the operator S^^ o Pima is defined by: 

{{6-^ ^ Pi„,s){T)) {v) = ("^-trace (i^T)] /„, 



8 C. MARTINEZ ONTALBA, J. MUNOZ MASQUE, AND A. VALDES 

for all T ^ /\^ V* ®V , V . The condition 77(2;) = -J"^ {t{<T{x))) is written, in 
components: 

I 

From this expression, it follows that the canonical connection is given, in any 
local section a — (Xi, . . . , X„), by: 



with the coefficients C^^ being defined by [X^, Xj] = C^jX/.- 

3. Canonical representation of the moduli spaces 

In this section we are going to describe the underlying manifolds of the G- 
modules to which we refer in Theorem 1.1, and the action of the group G on 
them. However, the definition of linear structures on these G-manifolds will be 
postponed until section 5. We also describe the isomorphisms 9JVq{M) = S'^/G. 

Let us denote by 6^+^ C Jl+^ {V, V) the Lie group of (r + l)-jets of diffeomor- 
phisms of V which leave the origin € V fixed. The restriction to ©q^^ of the 
action of the Lie groupoid J[^^^ {V, V) on J'' {FV/G) defines an action of ©q^^ on 
JSiFV/G). 

Proposition 3.1. There exists a canonical bijection ^^(Af) = Jq (FV/G) /©q^"'^. 

Proof. Let us recall that VJVq{M) has been defined as the quotient 

r {FM/G)/Jl+' {M,M). 

For each element [j^s] G TVq{M), we choose a chart ip -.U C M V, centered at 
X € M, and define the element (j^+V) • 01^) = o s o ^-i) e (FV/G). If 
we take another representative (j^^^f) ■ [jxs) of [j^s], and a chart (W, Lp') centered 
at f{x) e Af , we have: 

• (^■^^'"'/) • = Oo^'(^' ° / ° ^"')) • (Ox^v) • ills)) . 

Thus, the element of Jq {FV/G) assigned to [j'^s] is determined up to an (r + l)-jet 
of the form jQ^^((y9'o/o(^^^), which is an element of ©q^'^ and, hence, there is a well 
defined mapping Wa{M) — > J^{FV/G)/&'a+\ It is easy to find the inverse of 
this mapping. Given a class [j^t] e (FV/G) and a chart ip:U cM 

centered at a; G M the element [(jo^V^^) ■ Oo*)] e ^ {FM/G) / J[+^ {M, M) 
is well-defined. The mapping [j^t] ^ [{jo^^f^^) ' Uo'^)] the required inverse 
{FV/G) /&l+^ — > OTJ3(Af).H 

From now on, we will denote the spaces '>XSVq{M) just by 971^., because we have 
seen that they actually do not depend on the base manifold M. 

Now, we define the spaces £^{y) of framed r-jets of G -structures as: 

£-{V) := {FV/G) Xp„v/G FoV = {(j^s, u) G {FV/G) x F^V : [u] ^ s (0)}. 

We consider the left action of ©0^^ on £^{V) given by: 
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Besides, we consider the right action of G on f (F) induced by the action of G 
on FqV, i.e., 

(ijs, u)-g = {jls, u-g), gGG, (j^s, u) e £''{V). 

The quotient £'^{V)/G can obviously be identified with Jq (FV/G). 

It is easy to check that the group actions just defined commute. Therefore, we 
have the bijections: 

^ Jo (FV/G) ^ £^iV)/G ^ £^(\-)/&^' 



(5^0+^ G 

Thus, if there is a manifold S"" such that S'"/G = SDTg, the natural candidate 
is := £^ (y) / , if it is indeed a smooth manifold without singularities. In 
general, this would not be true. However, the existence of linear connections func- 
torially attached to G-structm'cs makes each £^{V) a trivial principal bimdlc with 
structure group ©g^^, as we will see below, and so f (y)/0Q^^ is a manifold in 
our particular cases. 

Given {j^s,u) G f (F), let s : U C V ^ FV/G be a representative of j^s, 
defined on an open neighborhood U of € V. The connection V(s) provides an 
exponential mapping exp^ : Wo cTqV ^ V defined on some neighborhood Wo of 
G TqV. The composition of this mapping with the isomorphism u : V ^ TqV 
yields a diffeomorphism defined on a neighborhood of G V^, which is nothing but 
the set of normal coordinates associated to the connection V(s) and the frame u. 

Lemma 3.2. The assignment Exp*" : f (V) ®o^^ given by Exp^ Un^j u) = 
Jo^^ (expg ou) is a well-defined sm,ooth map. Moreover, it is 0^'^^ -equivariant with 
respect to the action of the group on f {V) defined above and the natural left action 
of (5q+^ on itself 

Proof. Let {V, (cc^, . . . ,a;")) be the standard chart of V. Let us denote / = 
exp^ ou, and u = (Xi, . . . , with Xi = aj i = l,... ,n. 

The map t f{tx) is the geodesic from G F with initial speed u{x), i.e., the 
solution of the system of second order differential equations: 

h ,32 







with initial conditions /(O) = 0, ^^^^ = u{x). We can write this system in an 
equivalent way as follows: 

/(O) = 



fifk 



Y x'^x'^ ^"^'C ■ {tx) = - Y x'^x''Tl.Af{tx))^{tx)^{tx),l<k<i 

From the second equation it follows that §jr(0) = o^, 1 < i,k < n. On the other 
hand, taking the (r — l)th order derivative (r > 1) of the second equation and 
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evaluating in t — leads to the identity: 

V x''---x'-+'— i- (0) = V x'' ■■■x'^'+'R,,...^ l<fc<n, 

where each Ri-^^-.-i^j^-^ is a polynomial in the derivatives of the ChristofFel symbols, 
at cc = 0, up to order r — 1, and the derivatives at a; = of the components up 
to order r. 

Last equation implies: 



(0) ^ r.^lV S ^Mi)-V(.+i,' 1 <fc,ii,... <n. 



9a::*! • • ■ dx^-^^ (r + 1)! 



Since the map j^s i-^ V(s)(a;) is smooth (see Remark 2.2), the derivatives up to 
order r — 1 of the Christoffel symbols Tij{x) are smooth functions of j^s. Thus, the 
(r + l)th order derivatives at a; = of / are smooth functions of JqS and Jq/. 

Finally, using induction, it follows that Exp*^ : {JqS, u) i— > Jq^ / is a well-defined 
smooth map. 

In order to prove the ©Q~''^-equivariance, let us point that, due to the naturality 
of the assignment s ^ V(s), the equality / o exp^ ou = exp^.^ °f{u) holds for each 
diffeomorphism f : M M' and each G-structure s G F (FM/G). Therefore: 



Exp'^ (if+^f) ■ {f,s,u)) = Exp^ {foif ■ s), /(")) 

= (exp^.,o/(M)) 
= Jo^^ if ° exp, ou) 
= (r+V)-Exp'^(j5s,u), 

for each f+^f e i3'g+^ and each ij^s,u) £ £''(y).m 

Next, we define £^{V)i as the fiber over Igr+i e ®o^^ of the map Exp*^ : 

£^{V) ^ i.e., £^{V)^ := (Exp"-)-! (l^...). 

Lemma 3.3. £'^{V)i is a smooth submanifold of £'^{V). 

Proof. We prove first that, due to equivariance, the map Exp*^ is a surjective 
submersion, which implies that £^{V)i is in fact a submanifold of £'^{V). It is 
surjective because the image of each orbit in £'^{V) is an orbit of left translations 
in the group, namely, (Sq^^. To see that it is a submersion, note that if (JqS^u) G 
f (V^) were a critical point of Exp'', then every element of its orbit would also be 
a critical point, and, being surjective restricted to each orbit, the map Exp*^ would 
not have any regular value, contradicting Sard's Theorem. Thus, each fiber of Exp*^, 
in particular £^(V)i, is a smooth submanifold of £'^{V)M 

On the other hand, the equivariance of Exp'^ allows to define a map : £^{V) 
f (F)i as 

p''UoS,u) = (Exp''(j5s,M))^^ • UoS,u). 

A straightforward calculation shows that this map is invariant under the right action 
associated to the left action of ©q^^ on £^(y), which is given by: 
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Indeed, the following lemma holds: 

Lemma 3.4. p'' : f'(V") —>■ £^(V)i is a trivial principal bundle with structure 
group ©Q . 

Proof. The map A'- : S''{V)i x ©[J+i defined by: A"- {j^s,u) ^ 

^p''(joS, u), (Exp' (jgS, u)) is a ©g^^-equivariant difFeomorphism. The inverse 

(A-y' ■■ £^{Vh X ^ £-iV) is given by (A^"' {{foS,u) ^j^+^f) = {f^s,u) ■ 

{io^^f) ■ This difFeomorphism endows £^{V) with the structure of a trivial principal 
©S+^-bundle over £'-{V)i.m 

Corollary 3.5. The space := £^{V)/(&q^^ is a smooth manifold canonically 
diffeomorphic to £'^{y)i. 

Remark 3.1. Explicitly, the diffeomorphism p'' : S"" ^ f is given by 

f {[{fos^u)]) ^p^'if^s^u). 

Its inverse is the composed map: £^[V)i ^ £^{V) — > £^ [V) / ^b^^"^ of the inclusion 
(which is the map trivializing the bundle) with the natural projection. 

Remark 3.2. Let us denote hy -.V ^ TqV the canonical frame. The condition 
jg"'"^ (exp^ om) = Igr+i defining £^'{V)i implies D (exp^ ou) (0) = idy, where D 
stands for the standard Frechet derivative in V . Using that 

D (exp^ ou) (0) = D (exp^ ou") (0) o D ((m°)"^ o u) (0) = 

= i?((u")-lou) (0) = (m°)-i ow, 

we conclude that m = so that £''{V)i C JS{FV/G) x {u"}. Therefore from 
now on, we will consider £^{V)i as a subspace of Jg (FV/G) . 

Remark 3.3. Notice that an r-jet JqS G Jq (FV/G) belongs to £^{V)i if and only 
if s(0) = and 

\ ilM J 

for any a; in a neighborhood of G as follows from (|^). 

The action of G on S*" can be translated now to £'^{V)i. 

Lemma 3.6. The action of G on S*" induces, by means of the diffeomorphism 
gr £^ £'^{y)i, the following action of G on £'^{y)i: 

{f,s) ■ 9 - {jl-^'g-') ■ f,s, f,s e r (y)i, geGc 

Proof. For each jgS e £'^{V)i and each g G, we have, taking into account 



Remark 3.1 we have that 



(jo5)-5=r([(j5s,0]-5) 

= r([(jos,^°°5)]) 



r / -r \ 
= P [JoS,u og) 



(Exp^(j-s,^.Oo.g)) ^-{jlsyog). 



12 



C. MARTfNEZ ONTALBA, J. MUNOZ MASQUE, AND A. VALDES 



Prom the fact that: 

Exp'^O'^s, uog)= (exp^ 0^° o g) 

= f^' (exp,o«0).i5+i5 

it follows the desired expression of {jqs) ■ g : 

ifos) ■ 9 = ifo^'g-') ■ ifo^y o g) 

which is identified with (io^^S'"^) • {jQs)M 

It is immediate that the projections Jq"'"'^ (FV/G) Jq (FV/G) induce projec- 
tions 8'"+*^ — > S'', A: > 0, which allow to define S°° = limS'' as the projective limit 

of the family {S''}. The action of G induces an action on the limit S°° in a natural 
way. 

Thus, we have proved the following theorem of reduction of the group: 

Theorem 3.7. The spaces S'' = £^{V)/(&q'^^ have nafmral smooth G-manifold 
structures, so that each moduli space 971^ is canonically isomorphic to the quotient 
S^/G. Taking projective limits yields a canonical isomorphism SJIq = S°°/G. 

4. Embedding of the moduli of framed t-jets S'' in the space of jets 

OF MOVING FRAMES Jq{FV) 

Let us denote by Jq (FV/G)^a the manifold of r-jets j^^s G Jq {FV/G) such that 
s(0) = [m"]. Wc will define an embedding of this manifold in Jq{FV). Then, from 
the diffeomorphism = £'^{V)i and the inclusion £^{V)i ^ Jq {FV / G) ^^^q , we 
will obtain an embedding of S'' in Jq (FV"). This construction is a technical tool to 
define the G-module structure on S'' in the next section. 

We define T'' : JJ {FV/G)^o ^ Jq {FV) as follows. Given j^s e {FV/G)^„, 
let s : W C F ^ FV/G be a local representative of JqS. We define a moving frame 
cr = {Xi, . . . , Xn) in a neighborhood of € V as the V(s)-parallel transport of the 
frame u° along each ray x{t) = {t ■ X^,. . . ,t ■ A") e V, and we set T'" {Jqs) = JqCj. 

Lemma 4.1. The assignment T'" : Jq {FV/G)^o Jq {FV) is a well-defined em- 
bedding. 

Proof. Let s be a representative of jjs defined in a neighborhood of € 
V, and denote by T^j the Christoffel symbols of the connection V(s). Let u = 

(Xi, . . . ,Xn) be the moving frame defined above using the connection V(.s), and 
let Xi = J2k ^ki {x) d/dx^ be the expression of the vector field X^ with respect to 
the standard chart of V. 

Since, by definition, each Xi is parallel along the rays x{t) =t\,\= . . . , A") , 
the functions Uki satisfy the differential equations: 

\ Oi J 

i7ij(0) = 5ij 
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for any X V, and any indices 1 < < n. Multiplying these equations by t, we 

obtain that a is characterized by the initial condition a (0) — and the equations: 

(8) E(^+Er>»)-'-0, l<z,7<- 

Iterated derivation of (||) and evaluation in a; = leads to: 

sl^<»' - (as#^i:r:..<'».) (0), 

for any fc > 1 and any 1 < 7,i,ii, . . . , v £ n, were S stands for the cyclic sum 
with respect to the corresponding indices. 

For r = 1 we have ^j-(O) = ~rJ-(0), so that JqCt ~ T^(jgs) depends smoothly 
on JqS. By induction, using (^), it follows that j^a — T''(j5s) depends smoothly on 

Finally, it is obvious, by its very definition, that T*" takes its values in the closed 
submanifold: Jg {FV)^o = {Jocr S Jq (FV) \ (t(0) = u°}, and that it is a section of 
the projection (FF)„o ^ JJ {FV/G)^o induced by g : FT/ -> FV"/G. Therefore, 
T"" is indeed an embedding. ■ 

Next we define a right action of G on Jq {FV)^^a by: 

(Jo^) • .9 = Jo (Rg ° (.9"' ■ ^)) . Jo<^ e JS {FV)^o , g^G, 

where Rg stands for right translations in FV . Besides, we have the right action of 
Gon JJ(FF/G)„o: 

Lemma 4.2. T/ie map T*" : Jg (FV^/G)„o ^ Jq (-P'^)uO is G-equivariant with re- 
spect to the right actions of G previously defined. 

Proof. Due to the naturality of the assignment s i-^ V(s), if cr is the parallel 
moving frame associated to the G-structure s, then Rg o (^g^^ ■ cr) is the parallel 
moving frame associated to s ■ g — g^^ o s o g. From this fact, the result follows 
easily. ■ 

Denoting = {£^{V)i) C Jg {FV) we have now the identifications between 
G-manifolds S'' = £''iV)i ^ 5^ 

We derive now a characterization of the submanifolds C Jg (FV), which will 
be used in next section to define inductively a G-module structure on each of them. 
First of all, we introduce some definitions. 

Let us denote V^^p := S'' (V*) (g>V*'^P 'S>V'^'i with its natural G-module structure. 
Consider the homomorphisms of G- modules sym^'P : V^'P — > VJ'"'"^^^"^, p > 1, given 
by symmetrization on the first r + 1 covariant indices. We will denote V^^'P :— 
ker (sym^''') . 

Let a = {Xi, . . . , Xn), with Xi = J^j cTjid/dx^ , 1 < i < n, be a representative of 
the r-jet j^a € Jg {FV). Then, for each g E G, the derivatives of the components 
of the vectors in the representative Rg o (g^^ • ct) of (jgcr) • g are given by 

dxp^...dxp^ ^^>~^ dx^^...dx^^ ^^)SHp.---gi,p,g^s- 
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Thus, we can define an equivariant mapping S''"^ : Jq {FV) — > V['^ by: 

dx^^ . . . dx^ 



with {vi, . . . , Vn} being the canonical basis of V and {v*^, . . . , v*"} its dual basis. 
Next lemma is an immediate consequence of the above remarks: 

Lemma 4.3. The mapping E(''+i)) : Jq+^J^F) ^ JE (FV) x V{^^'^ is a 

G-equivariant diffeomorphism. 

Now, let V and V be the canonical connections adapted to the {e}-structure 
a and the G-structure s = q o a, respectively. The connection V is characterized 
by the equations S/xiXj = 0, 1 < i,j < n, so that the corresponding Christoffel 

symbols are given by F^l,^ = — q ■ We define the tensor field F as the 

difference of both connections,_ i.e., by F{X,Y) = VxY - ^xY, X,Y e X{V), 
and denote by F^^ = — T^^, its components with respect to the canonical 
coordinates in V. From the expression in local coordinates of the connection V 
given in Remark it follows easily that these components have the form: 

(10) = E '^'"'^'''^fP ix,) = 

\,H,p 

^Mfe^ '''' r'^'a^^'^'^^a^ 

Due to the naturality of V and V, for each g G G, the moving frame Rgo(^g^^ ■ ct) 
has an associated tensor field F whose components are related to those of F by: 

Ftj{x)=g''^F2p{g-x)g^,gp,. 
Iterated derivation of these equations and evaluation at a; = yields: 
Qk ph d^F'^ 

So, we can also define an equivariant mapping F^''^ : Jq^^ (FV) V[''^ as follows: 



■7 



Lemma 4.4. There exist a linear map L'^^^ : V^'^^'^ V[''^ and a polynomial 
function Q'-'"' : Jq (FV) V['^ in the standard coordinates of Jg (FV) such that 
p{r) ^ p{r) Q ^.(r+i) _^ Q{r) ^ _ Moreover, L^'') and Q(''' are G-equivariant. 

Proof. Derivation of (|l^) and evaluation at a; = show that the derivatives of 
F^fj at X = are of the form: 

dx^^ ...dx^^^ ' ^ °^^^\dx^^ ...dx^^dx^^^ dx^^ ...dx^^dx^^ ') 

where Or stands for a polynomial in the derivatives up to order r of cr at a: = 0. 
Accordingly, we define L^"^^ as the linear map sending each element of V[^^'^: 

E E ■ • • 
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to the element of V[''^: 
Thus, L'-''' is the composition: 

where the first arrow stands for the Spencer's operator, which is defined in general 
as the map J'^+L'-i : S^'+^iV*) (E) A'"^ V* (E)V ^ S''(y*) (^AW*®V given by: 

/ 

(-^r+l,i-l^^ (Ml,... ,Ur,u[,... , u',) = ^ (- , . . . , Ur , u',,, u[ , . . . ,u' h, ■ ■ ■ ,u'i), 

h=l 

for each t e S""+-^(V'*) §5 A'^^ T^* ® V and any vectors ui, . . . , u^, m'^, . . . , G y. 

The difference - L^'') o : J^^+i (FV") V/''^ is a function depending 

polynomially in the derivatives up to order r of ct at 0, and hence there is a well- 
defined polynomial function Q('~) : (FV) V^'^ such that F^'') - L^*^) o E(''+i) = 

Finally, it is clear that L^'^^ is G-equi variant, since it has been defined as a 
composition of homomorphisms of G-modules. The equivariance of the maps F^^'\ 
^ and 7r^+^ implies that Q'^''^ is also G-equi variant. ■ 

The desired characterization of the submanifold 5'"+^ is the following. 

Theorem 4.5. The submanifold 5''+^ C Jq^^ (FV) can be characterized as the set 
of {r + l)-jets j^+^cr e «+\ Ef'^+D)"^ (s"- x such that 

symf ((l(^) o (j^V)) = -symf ((qC^) o (.J+V)) . 

Proof. By definition, an r-jet JqCt £ Jq (Ft/) belongs to 5'" if and only if 
JqCt = T*" (jqs) with JqS £ £'^{V)i. Since T*" is a section of the projection : 
Jo iPV)uO Jo iFy/G)uO^ we have that j^s = q'' (j^a). So that j^a e 5'' if and 
only if q- {j^a) G £-{V\ and (T'^ o q-) (jja) = j^a. 

Let us first study the second condition, which means that, up to order r, the 
moving frame a is obtained by the parallel displacement of the canonical frame 
at G using the canonical connection of the G-structure determined by a. For 
each JqCt G JQ{FV)^aj let a and s be local representatives of JqCt and q^ {JqCt), 
respectively, and let F^j be the Christoffcl symbols of the canonical connection 
V(s). Then, (T'' o q^) [j^a) = j^a if and only if jgcr satisfies equation (^ for any 
1 < A: < r, 1 < 7, i, «!, . . . ,ir < n. 

Writing r?,„ = rj„ + f;^_„ = -Z, ""-^ + KU- equftioi i) 

But this is equivalent to 

E -'-•-'^-(a^#^E^;i.-^)(o)-o, 

ii,...,ifc \ a / 
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and hence to the equations 



^ a^tx) ^ x^Flitx) I (0) = 0, 

for any 1 < A: < r, 1 < 7,i, < n and any a; in a neighborhood of € y. Using 
induction, these equations are seen to be equivalent to the foUowing: 



for any l<k<r, l<"f,i,<n and any x, which can be written in terms of the 
partial derivatives at £ y of F (and hence of a) as: 

(11) e — — ^(o) = o, 

for each 1 < fc < r, and for any indices 1 < a, 7, ii, . . . ,ik n. 

Let us now find the equations provided by the condition Uo'^) ^ ^'^(^)ij 
which means that, up to order r + 1, the normal coordinates of the connection 
attached to the G-structure G ■ a are just the canonical coordinates of V. Setting 

using (pi]), we obtain that (jau) e 8'^(V)i if and only if: 

for any l<A:<r, l<7<n, and any a; in a neighborhood of e By induction, 
it follows again that these equations are equivalent to: 

^,^^'a-^tx^ (0) = 0, 
for any l<fc<r, l<7<7i, and any a;, which can be written as: 

6 ^ \ (0) = 

or, equivalently, as: 

(12) 6 —^^^^^1^(0)^0 

^ ' {ii-ik+i)dx^^ ■ • -ax^k+i ^ ' 

for each 1 < fc < r, and for any indices 1 < 7,11, .. . ,ik+i ^ n. Finally, an r-jet 
JqCt e Jq (FV) belongs to if and only if it satisfies (7ap{0) = Sap, together with 
equations ( [l^ ) and (pi]). 

For the inductive definition of the submanifolds appearing in the statement 
of the theorem, notice that an (r + l)-jet Jo'^^a G Jq^^ (^^) li^s in iS''"'""'^ if and 
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only if 7rj;+^ (jo^^f ) ^ and equations (|T2|) and (|T|) are satisfied at the top level, 
i.e.: 

(13) 6 ,^^^^^^^^(0) = 0, 

(14) 6 — — (0) = 0, 

for any indices 1 < a, 7, zi, . . . , v+2 < Ri- 



nsing the diffeomorphism given in Lemma 4.3 and the definition of the operators 
F'^'^\ and taking into account that 

sym^'^' • • • 1 • • • • • • J 

= w**^ • • • • • • • • • Vj^ 

= - 6 • • • w""- • • • -y,-, • • • , 

we see that equations ( p^ and ( p^ are equivalent to sym^'^^'^ = 

and symi'^ {F^''^ (jo'^^cr)) = 0' so each submanifold 5''+^ C Jo+^ (FV^) is charac- 
terized by these conditions together with ir^'^^ {jq^^^^) G 5'', . That is: 

= |jo^+V £ (<+M](^+i))"' (S^ X I symf (^^W (j^V)) = 

Final ly, u sing the decomposition of F'^'^^ — L'^^^ o + Q^^') o nll^^ given in 

Lemma 4.4, we obtain the desired result. ■ 

5. Definition of the G-module structure 

In this section, we will define a G-module structure on each 5"", inductively on 
r, such that the projections are homomorphisms of G-modules. The corresponding 
G-manifolds — £^{V)/<3q'^^ will inherit G-module structures, and the natural 
projections between them will also be homomorphisms of G-modules. Therefore we 
will obtain a G-module structure on the projective limit S°° ~ limS''. 

A main tool to define a G-module structure on each (and therefore on each 
S"") is next lemma. 

Lemma 5.1. The 'projections 7rJI+^ : 5''"'"^ — > S"^ admit smooth G-equivariant sec- 
tions l^r+l ■ 5'" S^^^. 

Proof. Let us denote by Z^''^ : V[^^'^ V['^ the restriction of L^^^ to V[^^'^, 
and W^^^ := ker ^sym^'^ o Let us assume for the moment that we can 

choose a G-submodule Z''+^ C V['^^-'^ such that V{^^'^ W'^+^ ® Z'''+^ . Then, the 
restriction ^symj^'^ o L^"^^^ : im ^sym^'^ o Z^''^^ is an isomorphism of 

G-modules. Using that the projections 7rJ.'+^ : 5''+^ are onto, together with 

the fact that, by Theorem [4.5| we have that sym^'^ oL^'") o E(''+^^ = — sym^'^ o Q^'') o 
<+i on ^'■+1 and S^'^+i) C V{+^'\ we obtain that 

(-symf o Q('^)) (5'') = (-symf o Q('-) o <+i) {S^+^) 

= [symf o o C im (sym^'" o L^"^)) . 
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Thus, for each jjcr e there exists a unique 6 such that 



r,2 f(r) 

Isynij^ o ' 



Now, using the isomorphism of Lemma 4.2 , we set 



X S 



(r+1) 



It is clear that this defines a section /iji+i : 5'' S^^^ of the projection 7rJ!+^. 
Moreover, from the G-equivariance of 7rJ!+^, sym 'j^'^, Q^''-*, L^^^ and the fact 

that is a G-submodule, it follows that /ij^+iis G-equivariant too. 

It only remains to prove that it is indeed possible to choose a G-submodule 
C such that Vl 



C such that Vi''+^'^ = © Z-'+^. Note first that 



(15) = ker (sym^+i'i) ® (y-^) ®V) = V^+^'^ ®Vei 5^+^'\ 

Therefore, (5|yr+i,i : V^'^'^'^ — > im5''+^'^ is an isomorphism of G-modules. It is 



easy to check that its inverse is given by 



r+l 
r+2 



r.2 • c' 

symj^ : imo 



T+1,1 



r+1,1 



Hence, it will enough to find a supplementary G-submodule Z"^^^ of 

im5 ) 



ker ( sym^''^ o (l ® (5 ^ o P\^_^ 

in im.S'^^'^'^ . In order to do this, let us first prove that, if we consider 5''"+^ (1^*) 
as a G-submodule of F/^^^'"^, then 



sym;^ 



r,2 



1 



S'-+i(V*)«)£|- 



s''-+i(y*)(»B 

So let r G 5""+^ (T/*) (g) g. Given vectors ui, . . . ,Ur+i,Mr-i-2 S V, we can consider 
r . . . , e 0, and so r (iti, . . . , u^+i) Wr+2 S V. We have that 

((5'"+^'V) (Ul, . . . Ur+2) = T (ui, . . . , Wr+2 - T (ui, . . . , Mr+2) "r-l-l 

= (5 (t . . . , Ur, ■)) ("r+l, Ur+2) 

= [(ls-(\/*) "Xl (5) r] . . . , Ur, Ur+1, Ur+2) ■ 

Therefore, 6'''^^'^t = (isrj^y*) ® S) t, whence 

(16) (symf o L(-)) r = (symf o {is^iy.) ® r ^ o P,^g) o J^+i^i) r 



r,2 

SyiTl]^ T = T. 



Thus, 



im (sym^'^ o if'")) = 5'^+^ (y*) (g) g 
and, according to (^5|), we also have that 

im (sym^;^^ o Z^''') = im (syni^'^ o L^'^^ = S"'+i (1/^) , 
Taking into account that, by (p^), '5''+^'^ L^^i^,^^,,^^ is injective, we conclude that 



dim ker ( sym^'^ o (l o Pin^s) 

= dim (im(5''+^'^) - dim (5"'+^ (V*) g) 

= dim (imJ''+i'i) - dim {d^'+^-^ {S^'+^ {V) ® g)) 
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Let US define Z''+^ = 5''+^-^ (S"'+i {V*) ® q) . Obviously it is a G-submodule of 
im(5''+^'^ of the required dimension. Moreover, ( p^ implies that 

^'■+1 n ker ( symj'^ o (l ® o P,,-^s) ) = {0} ■ 

Hence, Z''^^ is the desired supplementary. 



Proof of Theorem 1.1: The proof will be by induction on r. The case r = is 
trivial: since has a unique element, determined by the conditions Uij (0) — Sij, 
it admits the trivial C?-module structure. 

Now, assume that a G-module structure has been already defined on S"^ and let 
us define one on 5''+^. 

Let us consider the G-equivariant map /'' = o /ij^^j^ : F/^^^'^, and 

define a G-equivariant bijection ■0'' : 5'' x Vj^^^'^ x V^'^^''^ by ij^"^ {jo'^, v^^^) = 

(jo'^: "'^^^ ~ Uq'^)) j where the action of G on both sides is just the diagonal one. 

After Lemma |5T| , we see that the image {Tr^~^^ x S^'""'"^^) (5'""'""'^) can be charac- 
terized as the set of pairs (jqCt, ■!;''+^) e x V['^^''^ satisfying: 

(symf o L^^)) = (symf o {f U^)) 

(both members being equal to — sym^'^ (Q^' -* (jo ''')))• ^^lis set is just the preim- 
age by V'' of the G-submodule 5'' ® C ® V^^'^-^ . 

Now, we define the G-module structure on S^^^ as the one that makes linear 
the bijection: 

(17) (If := V'' o X £('■+1)) : S^'^^ S'' ® , 

where we are considering the direct sum G-module structure on the right hand side 

The following diagram 

5'' 

where pr^^ denotes the projection onto the first summand, is commutative, so that 
the projections tt^^^ are linear. Using induction, as well as the fact that (ff is G- 
equivariant, we conclude that the action of G on each is also linear. Moreover, 
the smoothness of the maps implies the compatibility of the G-module structure 
with the manifold structure on each M 

Finally, the resulting G-module structure on each G-manifold S*" does not depend 
either on the supplementary subspace W used to define the canonical connections 
or on the sections n^+i between the corresponding spaces . In fact, changing any 
of them would define isomorphic G-module structures, as follows from next general 
lemma: 

Lemma 5.2. Let M and N be two smooth n- dimensional manifolds endowed with 
smooth G-module structures. If M and N are diffeomorphic as G-manifolds, then 
they also are isomorphic as G-modules. 

Proof. Let / : Af ^ be a G-equivariant diffeomorphism. By composing, 
if necessary, with a translation in N we can assume that /(O) — 0. Due to the 
smoothness of the module structures, any linear isomorphisms (^i : il/ — > M", 



20 C. MARTINEZ ONTALBA, J. MUNOZ MASQUE, AND A. VALDES 

(p2 N R" (onto R" with its standard linear structure) define global charts of 
M and N. The map f2°f° fi^ '■ IR" ^ is a diffeomorphism leaving fixed, 
and it is equivariant with respect to the linear actions of G on R" induced by ipi 
and (p2- Then, the Frechet derivative D ((/92 o / o ip^^) (0) : R" R" is a linear G- 
equivariant isomorphism, and so is the composed map: ip2^ oD [ip2 ° f ° vT^) (0) ° 
ifi: M ^ NM 

By definition, the G-module structure on 5'+^ is isomorphic to W^^^. 
This fact (together with the obvious identity 5° = {0}) yields an isomorphism of 
G-modules: 

and the G-module structure of S'' is determined by that of the spaces W'^, k = 
1 r 

An element t e W^^^ lies in V{^^'^ := ker ^sym^^^^'^^ , whence its components 
must satisfy the equations 

(18) e. tt-v+i».+. =0' l<k,ll,... ,lr+2<n. 

Denoting by (^'•'^''Oii - i^+ii^+a components of L^^H, it follows that an element 
t G Vi~^^'^ lies in W^^^ if and only if the following equations are also satisfied: 

(19) , 6 (i('-'i)t-..+i..+. = 0, l</c,zi,... ,z,+2<n. 

Therefore, is the G-submodulc of = 5''+i(y*) ® ® F characterized 

by equations ( |l8| ) and (p^). 

Notice that, in particular, = ker (sym"'^ o L'^'^M . By definition, sym°'^ is 



the identity in V* ®V* ^ V. The mapping L^") : V^''^ Vf'^ is defined on V^'^ = 
f\^V* ®V as 

I\^V*®V^5{V*®q)^~^V*® q. 

Thus = kerPim5 = W. 

Next, we will describe the G-modules W"^ for some different choices of G. 

Example 5.1 ({e}-structures). For complete parallelisms, W^'^^ is characterized 
by equation (p^). Equation (|l^) is empty because the tensor F, and hence the 
operator L^'^\ are zero. Therefore, W^^ — V[~^^'^. 



Example 5.2 (O(n)-structures). We have seen (Example 2.1) that, for G = 0{n), 
the map 5 is an isomorphism, with inverse 8^^ : V* ®V V* (E) g given, in 
components, by: 



The operator L*^'"'' is then given by: 

. . (f^ . . . -ft' . . . 



_|_ j.Ir+2 _ ArJrl 



THE MODULI OF G-STRUCTURES WITH LINEAR CONNECTION. 



21 



Taking the cyclic sum of this expression, and using (M), we obtain 



Il---»r+l) ^ ^ 



4- f . . 



- i^'^^ - (r + l)t^''+'^ 

Therefore, equations ( p^ ) can be written: 

Taking the cycHc sum with respect to ii, . . . , ir+2 on both sides of last equation 
(using again ([l8|)) yields: 



6 ^»r + 2 

{ll---lr + 2) ^ 



from which it follows that: 

Last equation can be introduced in ( ^o|) giving: 



from which one can conclude that the equations characterizing the subspace C 
V;+^'^ are (|l|) and 

for any indices 1 < fc, ii, . . . , ir+2 < 

It should be pointed that, in Epstein describes the space of oo-jets of Rie- 
mannian metrics 5 at a point, as follows. He writes the Taylor series for gij{x) in 
normal coordinates: Sij + '^r>i 9vh---ir^^^ ' ' ' x^'' ■ The coefficients giji-^...i^ satisfy 
the following conditions: 

1. They are symmetric in the first two indices. 

2. They are symmetric in the last r-indices. 

3. 6 - = for 1 < . . . , v+i < n. 

Then, he defines fr G {y*)®'^"^'^'^ by fr{vi,Vj,Vi^ , . . . , J = gijn-i^, and proves 
that the set of fr € satisfying the symmetry conditions corresponding 

to is an irreducible G'L(n, M)-module Yr with Young diagram having r squares 
in the first row and 2 squares in the second one, except that if r = 1 then Yr = {0}. 
Moreover, for any sequence /rSl^,2<r<oo, there is a Riemannian metric 
whose Taylor series gives the elements fr, so that one can regard Ilr>2Yr as the 
space of oo-jets of Riemannian metrics at a point. 

The identification between Riemannian metrics g and sections s of the bundle 
FV/0{n) V together with Lemma 5.2 yield an isomorphism of 0(?T.)-modules: 
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S*" ^ n2<fe<, Yfe. Moreover, it is straightforward to check that the mapping gjkii---ir+i 
^ii---irir-+ij ^^^'^ defines an isomorphism of 0(7i)-modules W^'^^ = Yr+i- 

Example 5.3 {0{p) x O(g)-structures). From the expression of S^^ o P^^g given 
in Example 2.2, it is immediate that the components of L'--'^H are: 



(22) (L^ ''Oii---vi,,+ iir+2 ~ 2 (''«'l---»'-ir + lir+2 ^il' 



,Ar+2 _ ,V+2 



if ir+i,ir+2,k e la, a = 1,2, 

(23) (L^ ''Oli---irir+lir+2 ~ 2 (^«l---*rir+lir+2 



if ir+i e la, ir+2, k £ I p , a ^ (3 , and 
if v+2 e la, k e Ip, (i. 



As in the previous example, relation (^2|) leads to the equations ( pi| ) if «r+2, G 
/q, a = 1,2. On the other hand, taking the cyclic sum with respect to ii, . . . , v+i 
in (p3|), and using (|l8|), we obtain that equations ( [2l| ) are also satisfied if v+i G /a, 
ir+2,k e //3, a 7^ /3. In this way, the equations of W'^^ C ^7^"*"^'^ turn out to be 
Tsl) and: 



(24) . . . _ — 

for any indices ii, . . . , ir+i £ /i U /2, ir+2, k £ /q, a — 1,2. 

Example 5.4 (R*-structures). The expression of S^^ o Pi,„5 given in Example 2.2 
leads to the following expression of L^''-': 

3 

Taking the cyclic sum with respect to zi, . . . , v+i (for k — v+2), and using (|l8|), 
we obtain: 

© ii^^.....,.,.k = 



r + 2 



71 — 



2 Z-^ '''il---lr2r+lj 



The resulting equations of W^^^ are then (|T^) and: 
(25) ^ifc...,^^^^, = 0, l<fc,n,...,v+i< 
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